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We derive the first renormalized factorization theorem for a process described at subleading power
in soft-collinear effective theory. Endpoint divergences in convolution integrals, which arise generi-
cally beyond leading power, are regularized and removed by systematically rearranging the factor-
ization formula. We study in detail the example of the b-quark induced h→ γγ decay of the Higgs
boson, for which we derive the evolution equations for all quantities in the factorization theorem
and resum large logarithms of the ratio Mh/mb at next-to-leading logarithmic order.
Soft-collinear effective theory (SCET) [1–3] provides
a systematic framework for addressing the problem of
scale separation for cross sections and decay rates in
high-energy physics. In order to fully establish SCET
as a versatile tool and apply it to several observables
of phenomenological interest, it is important to under-
stand its structure beyond the leading order in power
counting. Indeed, much recent work has aimed at ex-
ploring factorization theorems at subleading power – a
problem that turns out to be unexpectedly intricate and
subtle. Specific applications considered include the study
of power corrections to event shapes [4] and transverse-
momentum distributions [5, 6], the threshold factoriza-
tion for the Drell-Yan process [7], and power-suppressed
contributions to Higgs-boson decays [8]. One finds that
technical complications arise, which do not occur at lead-
ing power. The most puzzling one is the appearance of
endpoint-divergent convolution integrals over products of
component functions, each depending on a single scale.
Standard tools of renormalization theory are then insuf-
ficient to obtain a well-defined factorization theorem in-
volving convergent convolutions over renormalized func-
tions.
In [8] two of us have started a detailed discussion
of SCET factorization at subleading power. As a con-
crete example we have factorized the decay amplitude
for the radiative Higgs-boson decay h → γγ mediated
by the Higgs coupling to bottom quarks. This ampli-
tude receives large logarithms of the form ααnsL
k, where
L = ln(−M2h/m2b− i0) and k ≤ 2n+2. In order to resum
these logarithms it is necessary to factorize the amplitude
into objects depending only on one of the three relevant
scales set by the Higgs-boson mass Mh, the mass mb of
the bottom quark and the intermediate scale
√
Mhmb.
We have derived a “bare” factorization theorem, which
accomplishes this. It contains three terms consisting of
unrenormalized SCET operators multiplied by bare Wil-
son coefficients, which account for the hard matching
corrections arising when the “full theory” (the Standard
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FIG. 1. Leading regions of loop momenta contributing to
the decay amplitude. The convolution symbol ⊗ in the second
term means an integral over z.
Model with top quarks integrated out) is matched onto
SCET. In its simplest form, the factorization formula
reads
Mb = H(0)1 〈O(0)1 〉+ 2
∫ 1
0
dz H
(0)
2 (z) 〈O(0)2 (z)〉
+H
(0)
3
∫ ∞
0
d`+
`+
d`−
`−
J (0)(−Mh`+) J (0)(Mh`−)S(0)(`+`−) ,
(1)
where the h→ γγ matrix elements are evaluated on shell.
The three terms correspond to different regions of loop
momenta giving rise to leading contributions to the decay
amplitude Mb, as illustrated in Figure 1. The operator
O1 contains a Higgs field coupled to two collinear gauge
fields describing photons moving along opposite light-like
directions n and n¯. It descents from full-theory graphs in
which all internal momenta are hard, of order Mh. The
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2operator O2(z) contains a Higgs field, an n¯-collinear pho-
ton field and two n-collinear b-quark fields, which share
the momentum of the n-collinear photon. The variable z
denotes the longitudinal momentum fraction carried by
one of the quarks. This operator is generated by full-
theory graphs in which a loop momentum is collinear
with the photon direction n and carries virtuality of order
mb. The factor 2 in front of this term arises because there
is an analogous contribution with n and n¯ interchanged.
Finally, the third operator consists of the time-ordered
product of the scalar Higgs current with two subleading-
power terms in the SCET Lagrangian, in which (hard-
)collinear fields are coupled to a soft quark field. It arises
from full-theory graphs containing a soft quark propaga-
tor between the two photons, with all momentum com-
ponents of order mb. The other quark propagators are
then off-shell with virtualities of order
√
Mhmb. Because
of this scale hierarchy, the h→ γγ matrix element of this
operator can be factorized further into a convolution of
two jet functions with a soft function, as shown above.
Major complications arise from endpoint-divergent
convolution integrals in the second and third term in (1),
which need to be properly identified and regularized. The
integral over z in the second term contains singularities
at z = 0 and z = 1, because at lowest order in pertur-
bation theory the Wilson coefficient H
(0)
2 ∝ [z(1− z)]−1
while the matrix element 〈O(0)2 〉 is z independent. Like-
wise, the integrals over `+ and `− contain singularities
for `± → ∞, since at lowest order the jet and the soft
functions are given by constants. In higher orders, some
of these endpoint divergences are regularized by the di-
mensional regulator D = 4 − 2, but others require an
additional rapidity regulator [9–11]. In [8] we have regu-
larized the rapidity divergences by means of an analytic
regulator imposed on the convolution variables z and `±.
The singular contributions in the rapidity regulator can-
cel in the sum of the second and third term of the factor-
ization formula. This requires that for z → 0 or 1 these
two terms must have closely related structures, which
is ensured by two exact refactorization conditions [12].
With the help of these relations we have shown that the
factorization formula can be recast in such a way that
the singularities in the second term are removed by sub-
tractions of the integrand. When the subtraction terms
are added back, they give rise to hard upper cutoffs on
the integrals over `± as well as to an extra contribution
∆H
(0)
1 to the Wilson coefficient H
(0)
1 [8].
The main goal of this Letter is to establish a corre-
sponding renormalized factorization formula, in which all
bare quantities are replaced by their renormalized coun-
terparts. The result reads (with z¯ ≡ 1− z)
Mb = H1(µ) 〈O1(µ)〉+ 2
∫ 1
0
dz
[
H2(z, µ) 〈O2(z, µ)〉 − [[H2(z, µ)]] [[〈O2(z, µ)〉]]− [[H2(z¯, µ)]] [[〈O2(z¯, µ)〉]]
]
+ lim
σ→−1
H3(µ)
∫ Mh
0
d`−
`−
∫ σMh
0
d`+
`+
J(Mh`−, µ) J(−Mh`+, µ)S(`+`−, µ) ,
(2)
which is free of endpoint divergences. The symbol [[f(z)]]
means that one retains only the leading terms of a func-
tion f(z) in the limit z → 0 and neglects higher power
corrections. The limit σ → −1 in the last term must be
taken by analytic continuation after the integrals have
been evaluated. Establishing relation (2) is non-trivial,
because the presence of cutoffs on some of the convolution
integrals does not commute with renormalization. For
example, the renormalization condition for the soft func-
tion reads S(w, µ) = − ∫∞
0
dw′ ZS(w,w′)S(0)(w′) [13],
and an analogous equations holds for the jet function
[14, 15]. Moving the cutoffs from the bare to the renor-
malized functions gives rise to extra terms, which indi-
vidually have a rather non-trivial structure. It can be
shown, however, that to all orders of perturbation theory
the sum of the extra terms gives just another contribu-
tion δH
(0)
1 to the Wilson coefficient H
(0)
1 [12].
We find that the operator O1 is renormalized multi-
plicatively, while O2 mixes with O1 under renormaliza-
tion. The h→ γγ matrix elements of these operators are
given by 〈O1(µ)〉 = mb(µ) (exactly) and
〈O2(z, µ)〉 = α
6pi
mb(µ)
{
−Lm+ αs
3pi
[
L2m
(
ln z + ln z¯ + 3
)
− Lm
(
ln2 z + ln2 z¯ − 4 ln z ln z¯ + 11− 2pi
2
3
)
+ . . .
]}
,
(3)
where mb(µ) is the running b-quark mass, and Lm =
ln(m2b/µ
2) with mb defined as the pole mass. The dots re-
fer to non-logarithmic contributions, whose explicit form
will be given in [12]. Here and below we quote pertur-
bative expressions to first order in αs ≡ αs(µ). Note
that we omit the photon polarization vectors ε∗µ(k1) and
ε∗ν(k2) when presenting the matrix elements. The renor-
malization of the jet and soft functions entering the third
term in (2) has been discussed in [13–15]. One finds
J(p2, µ) = 1 +
αs
3pi
[
ln2
(−p2 − i0
µ2
)
− 1− pi
2
6
]
(4)
3and
S(w, µ) = − α
3pi
mb(µ)
{
Sa(w, µ) ; w > m
2
b ,
Sb(w, µ) ; w < m
2
b ,
(5)
where (for wˆ ≡ w/m2b)
Sa(w, µ) = 1 +
αs
3pi
[
− L2w − 6Lw + 12−
pi2
2
+ g(wˆ)
]
,
Sb(w, µ) =
4αs
3pi
ln(1− wˆ) [Lm + ln(1− wˆ)] . (6)
Here Lw = ln(w/µ
2), and the function g(wˆ) vanishes for
wˆ →∞. The soft function vanishes linearly for w → 0.
For the renormalized Wilson coefficients we obtain
H1(µ) =
α
3pi
yb(µ)√
2
{
− 2 + αs
3pi
[
− pi
2
3
L2h
+ (12 + 8ζ3)Lh − 36− 2pi
2
3
− 11pi
4
45
]}
,
H2(z, µ) =
yb(µ)√
2
1
zz¯
{
1 +
αs
3pi
[
2Lh
(
ln z + ln z¯
)
+ ln2z + ln2z¯ − 3
]}
,
H3(µ) =
yb(µ)√
2
[
−1 + αs
3pi
(
L2h + 2−
pi2
6
)]
,
(7)
where yb(µ) denotes the running b-quark Yukawa cou-
pling and Lh = ln(−M2h/µ2 − i0).
From the renormalization conditions for the operators
and Wilson coefficients it is straightforward to derive
the renormalization-group equations (RGEs) satisfied by
these quantities. For the matrix elements we obtain
d
d lnµ
〈O1(µ)〉 = −γ11 〈O1(µ)〉 ,
d
d lnµ
〈O2(z, µ)〉 = −
∫ 1
0
dz′ γ22(z, z′) 〈O2(z′, µ)〉
− γ21(z) 〈O1(µ)〉 ,
(8)
with the anomalous dimensions (to first order in αs)
γ11 =
2αs
pi
,
γ22 = −4αs
3pi
{[
ln z + ln z¯ +
3
2
]
δ(z − z′)
+ zz¯
[
1
z′z¯
θ(z′ − z)
z′ − z +
1
zz¯′
θ(z − z′)
z − z′
]
+
}
,
γ21 = − α
3pi
{
1 +
αs
3pi
[
ln2z + ln2z¯ − 4 ln z ln z¯
+ 11− 2pi
2
3
]}
.
(9)
The RGEs for the jet and soft functions have been dis-
cussed in [13–15]. It is possible to derive analogous evo-
lutions equations for the renormalized Wilson coefficients
Hi [12]. Interestingly, we find that the presence of the
cutoffs gives rise to an unusual inhomogeneous contribu-
tions to the RGE for H1, such that
d
d lnµ
H1(µ) = Dcut(µ) + γ11H1(µ)
+ 2
∫ 1
0
dz
[
γ21(z)H2(z, µ)− [[γ21(z)]] [[H2(z, µ)]]
− [[γ21(z¯)]][[H2(z¯, µ)]]
]
,
(10)
where the quantity Dcut contains terms of order αα
n
sL
n
h
in higher orders (n > 1) of perturbation theory. As long
as it is not known how to resum these logarithmic terms,
it is impossible to systematically integrate the evolution
equation for H1(µ) from a high matching scale down to a
scale µ  Mh. We are thus forced to choose the factor-
ization scale µ in (2) of order Mh, such that Lh = O(1).
Based on our factorization theorem and a perturbative
solution of the RGEs we have calculated the logarithmic
contributions of order αα2sL
k with k = 6, 5, 4, 3 in the
three-loop decay amplitude. At this order the contribu-
tions proportional to nf are known in analytic form [16],
while the remaining contributions were obtained numer-
ically in [17]. We find full agreement with the results
reported in these papers. On the other hand, our ex-
pression for the coefficient of the subleading logarithm
of order αα2sL
5 disagrees with the predictions made in
[18, 19] based on conventional resummation techniques.
The contributions to the decay amplitude arising from
the last term, T3, in the factorization formula (2) are en-
hanced, because the integrals over `± produce two powers
of large “rapidity logarithms”. This is a consequence of
the collinear anomaly, the fact that a classical symme-
try of SCET under rescalings of the light-cone vectors n
and n¯ is broken by quantum effects [9]. In previously
studied examples where the collinear anomaly appears
the rapidity logarithms take on a simpler form and (typ-
ically) exponentiate. In the present case their structure
is more complicated, because they arise from a double
integral over a rather complicated integrand. Previous
authors have resummed the series of the leading double
logarithms of order ααnsL
2n+2 [18, 20–23], which are con-
tained in T3. For practical applications, it is however im-
portant to go beyond the leading logarithmic order and
perform the resummation in RG-improved perturbation
theory. Here we illustrate this for the case of T3. Choos-
ing a high value µ = µh ∼Mh for the factorization scale
(see above) and using the explicit solutions of the RGEs
for J and S derived in [13–15], we obtain at leading order
(LO) in RG-improved perturbation theory (omitting for
simplicity the −i0 prescription in the last three factors
of the first line)
4TLO3 =
α
3pi
yb(µh)√
2
∫ Mh
0
d`−
`−
∫ Mh
0
d`+
`+
mb(µs) e
2S(µs,µh)−2S(µ−,µh)−2S(µ+,µh)
(−Mh`−
µ2−
)a−Γ(−Mh`+
µ2+
)a+Γ(−`+`−
µ2s
)−asΓ
×
(
αs(µs)
αs(µh)
)12
23
e−2γE a
+
Γ
Γ(1− a+Γ )
Γ(1 + a+Γ )
e−2γE a
−
Γ
Γ(1− a−Γ )
Γ(1 + a−Γ )
e4γE a
s
Γ G2,24,4
( −asΓ , −asΓ , 1−asΓ , 1−asΓ
0 , 1 , 0 , 0
∣∣∣∣ m2b−`+`−
)
.
(11)
Here aiΓ = − 823 ln αs(µi)αs(µh) and G
2,2
4,4(· · · |x) is a Meijer G-
function (see e.g. [24, 25]). The Sudakov exponent S is
given by [26]
S(µi, µh) = 12
529
[
4pi
αs(µi)
(
1− 1
r
− ln r
)
+
58
23
ln2r
+
(
2429
207
− pi2
)
(1− r + ln r)
]
,
(12)
where r = αs(µh)/αs(µi). We have evaluated the rel-
evant coefficients of the anomalous dimensions and the
QCD β-function for nf = 5 active quark flavors. Note
that G2,24,4(· · · |x) vanishes for |x| → ∞ (and hence the re-
gion where `+`−  m2b gives a power-suppressed contri-
bution to T3), whereas it approaches Γ
2(1+as)/Γ
2(1−as)
for x→ 0 (corresponding to `+`−  m2b).
The matching scales µ± for the jet functions and µs for
the soft function must be chosen such that the matching
conditions at these scales are free of large logarithms.
This is a non-trivial requirement, because the jet and
soft functions depend on the variables `±, which are inte-
grated from the soft region (`+`− ∼ m2b) into the hard re-
gion (`+`− ∼M2h). It is therefore necessary that one sets
the matching scales dynamically under the integral [13],
such that µ2s ∼ `+`− and µ2± ∼ Mh`± up to O(1) fac-
tors, see (4) and (6). (The three scale parameters should
however not be lowered below m2b , because the region
where `+`− is parametrically smaller than m2b gives a
power-suppressed contribution to the decay amplitude.)
When this is done, all large logarithms are resummed
into ratios of running couplings. Corrections omitted in
(11) are thus suppressed by powers of αs. They can be
included systematically by calculating the matching con-
ditions and anomalous dimensions to higher orders.
It is possible to reexpand the resummed expression (11)
in a perturbative series and extract the series of leading
and next-to-leading logarithms (NLL) of order ααnsL
k
with k = 2n+ 2 and k = 2n+ 1. We find (with CF =
4
3
and β0 = 11− 23 nf )
MNLLb =
α
3pi
mb
yb(µˆh)√
2
L2
2
∞∑
n=0
(−ρ)n 2Γ(n+ 1)
Γ(2n+ 3)
×
[
1 +
3ρ
2L
2n+ 1
2n+ 3
− β0
CF
ρ2
4L
(n+ 1)2
(2n+ 3)(2n+ 5)
]
,
(13)
where ρ = CFαs(µˆh)2pi L
2 with µˆ2h = −M2h − i0, and in the
prefactor mb denotes the pole mass. Our normalization
of the amplitude is chosen such that this result can be
compared directly with the findings of [18]. We observe
a disagreement in the second term in brackets, which is
quoted in this reference as 3ρ2L
n+1
2n+3 . The infinite sums
in (13) can be expressed in closed form in terms of a
hypergeometric function and the Dawson integral.
In summary, we have derived the first renormalized
factorization theorem for an observable in high-energy
physics appearing at subleading power in the ratio of
two hierarchical mass scales mM , carefully regulariz-
ing endpoint-divergent convolution integrals by system-
atically rearranging the factorization formula. For the ex-
ample of the b-quark induced h→ γγ decay of the Higgs
boson, we have derived the RGEs for all quantities in the
factorization theorem and resummed large logarithms in
the decay amplitude beyond the leading logarithmic ap-
proximation. The techniques we have developed, and
in particular our approach to regularize endpoint diver-
gences, are more general and can be applied to other
power-suppressed observables as well. Our results thus
constitute an important step toward establishing a robust
framework for studying factorization and scale separation
at subleading order in scale ratios.
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